RELATIONS BETWEEN THE KAHLER CONE AND THE 
BALANCED CONE OF A KAHLER MANIFOLD 
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(N 

$-H , Abstract. In this paper, we consider a natural map from the Kahler cone to 

^ ■ the balanced cone of a Kahler manifold. We study its injectivity and surjec- 

ticity. We also give an analytic characterization theorem on a nef class being 

Kahler. 



r^ ' 1. Introduction 

^^ I A balanced metric on a complex n-dim.ensional m.anifold is a Hermitian m.etric 

(-H ■ such that its corresponding Hermitian form to satisfies d{u!'"'~^) — 0. We will call 

directly such uj a balanced metric. It's easy to see that the existence of a balanced 
metric is equivalent to the existence of a d-closed strictly positive {n—l,n— l)-forni 
H. (see [H]). Hence we will also call such il a balanced metric. We introduce the 
(real) Bott-Chern cohomology group 

►^ H^^{X,R) ~ {real d-closed {p,p)-iorms}/idd{iea\ {p — l,p ~ l)-forms}. 

OO ' Its element will be denoted by [■]bc- Then the cohomology classes of all balanced 

Lj- ■ metrics as real {n — l,n — l)-forms form an open convex cone in H^^ '"~ (X, R): 

^. ■ B ^ {[r2]f,c e Hg'^^''''^\X,R)\n is a balanced metric}. 

(<— ^ , It is called the balanced cone of X. Note that the zero cohomology class may be in B. 

fSj ■ For example, Fu-Li-Yau 12 constructed a balanced metric uj on the connected sum 

#fc(53 X S^) of k copies of S^ x S^. Since H^^^{#k(.S^ x S^),M.) = 0, [uj^]bc = e S. 

Clearly if is in B, then B = Hg~'^^"~^{X,R). However, if X is Kahler, then is 

not in B. 



cd 



^ 



Now we assume that X is a compact Kahler manifold. In this case, it is well 
C^ , known that, by the 99-lemma, H^^{X,M.) is the same as the cohomology group 

H^'^{X,M.), the set of the de Rham classes representable by a real d-closed {p,p)- 
form, see [23] . The Kahler cone /C of X is defined to be 

/C = {[<^] £ Hj^j^{X,R)\uj is a Kahler metric}. 

It is also an open convex cone. It was studied thoroughly by Demailly and Paun 
PTj . If n = 2, then the balanced cone and the Kahler cone are automatically 
equivalent. So in the following we will assume that n > 3. 

The balanced cone of a Kahler manifold is related to the cone of the movable 
classes. (See [7] for its definition.) This point was told to the first named author by 
Professor Demailly two years ago. Indeed, along the line of Toma's proof in |19) . 
we can deduce that the closure of the balanced cone is equivalent to the cone of the 
movable classes if one can prove conjecture 2.3 in [7]. 
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In this note, motivated by papers |13[ I14j , we consider the map 



h:IC^B by h{[uj]) = 



UJ 



-ii 



Clearly it is well-defined and it can be extended to the map 

where /C and B are the closures of the corresponding cones. We want to study the 
properties of b and b. First we will prove that b embeds /C into B. 

Proposition 1.1. Let X be a compact Kdhler manifold. Then the map b is injec- 
tive. 

We use Yau's celebrated theorem on complex Monge- Ampere equations on Kahler 
manifolds and the arithmetric-geometric mean inequality to prove the above propo- 
sition. We can generalize it to the map b if we use Demailly's convexity inequality 
in [9] and replace Yau's theorem by the theorem of Boucksom-Eyssidieux-Guedj- 
Zeriahi [6] on Monge- Ampere equations in big cohomology classes. We recall that 
in the Kahler case a cohomology class [a] G iJ^]^ (X, R) is nef if [a] G /C and is big 
if/^a">0. 

Theorem 1.2. Let X be a compact n-dimensional Kdhler manifold. Then the map 
b when restricted to the set of nef and big classes is injective. 

The complex torus T" for n > 3 shows that the condition "big" in the above 
theorem can not be omitted. But it is not clear whether we can omit the condition 
"nef. 

In general b is not surjective. Actually we will show that b(9/C) n B need not to 
be empty. Let 

ICns ^K,r\ NSm, 
where 

NSm = {Hl^hiX, K) n H\X, Z)frcc) ®z M 
is the real Neron-Severi group oi X. Then, if X is a projective Calabi-Yau manifold 
(i.e. a projective manifold with ci =0), we can characterize when a nef and big class 
[a] € OICns will be mapped into B by b. This is because, inspired by the method 
in [IH], we can give two sufhcient conditions of a d-closed nonnegative (n— 1, n— 1)- 
form to be in a balanced class. Applying these two criterions to Proposition 4.1 in 
[22] yields 

Theorem 1.3. Let X be a projective Calabi-Yau manifold. If [a] G dJC, then 
b([a]) G B implies [a] is a big class. On the other hand, if [a] G OICns is a big class, 
then b([a]) € B if and only if the exceptional set Exc{F[a]) of the contraction map 
F[a] induced by [a] is of codimension bigger than one, or Exc{F\a] ) is of codimension 
one with irreducible components Ei,--- ,Ek such that [a"^^] • [Ej] > for all 
I <j <k. 

The map F[„] is described in [32]. We will give some examples satisfying the 
conditions in the above theorem which then show that the balanced cone can be 
bigger than the image of the Kahler cone under the map b. 

At last we assume that X is an n-dimensional Kahler manifold with holomor- 
phically trivial canonical bundle. (Hence X is a Calabi-Yau manifold.) We will 
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give an analytic method to distinguish between the Kahler classes and the net but 
not Kahler classes which are mapped into the balanced cone. We fix a Calabi-Yau 
metric loq satisfying /„ Wg = 1 and a non- vanishing holomorphic n-form <^ such 
that II C, |Uo= 1- Fo^ ^^y Kahler class [tu], Yau's theorem says that there exists a 
unique Calabi-Yau metric ujcy G [<^] such that || C \\ujcy^ the (pointwise) norm of 
C with respect to i^cY, is a constant. Under the above assumption, this constant 
can be computed as follows: 



CI 



|2 _ II C WuJcY _ ^0 _ 1 _ 1 

\uJCY~ II /- 112 ~ , ," ~ f , ,n ~ r 

II s, ILo ^CY Jx^cY J: 



LU" 



We can also ask whether there exist any balanced metrics ^cy hi a given balanced 
class [ri] G B such that 

(1-1) IICII^,,= c 

is a constant. This is the motivation of papers |13[ I14j . There may be infinite 
many solutions to equation (|1.1|) in a given balanced class. For example, Wang, 
Wu and the first named author |13j proved that if X is a complex n-torus for n > 3, 
then for a given Kahler metric uj and for any constant c > (L,„a;")~^, equation 
(|1.1|) has solutions in [w"^^]. They also proved that for any Calabi-Yau manifold 
X and a given Kahler metric cj on X, if equation (|l.ll) has a solution in [o;"^^] 
for c < (J^a;")~^, then c — (/^w")^^ and this solution must be the Calabi-Yau 
metric. Here we can prove that if a is a nef but not Kahler class and [a"~^] G B, 
then there exist no solutions in [a"^^] to equation (|l.ll) for c < [j^ a")"^. 

Theorem 1.4. Let X be an n-dimensional Calabi-Yau manifold with a Calabi-Yau 
metric loq and a non-vanishing holomorphic n-form (^ such that J„ luq — 1 and 
II C La= 1- Let [a] e IC such thath{[a]) = [«""!] G B. 

(1) // [a] e die, then equation lil.l\) for c < (j' a")^^ has no solutions in the 
balanced class [a"^^]. 

(2) If [a] £ JC, then there exists a unique solution flcY G [a"^"'^] to equation 
U.l\} for c < {J-^ a")~^. Actually in this case, c ~ (J-^ a")^^ and ftcY — 
uj^TY f^''' ^^^ unique Calabi- Yau metric locy in the Kahler class [a] . 

We conjecture that for any c > (/_^a")~^, the form-type Calabi-Yau equation 
(jl.ip has solutions in the balanced class [a"^^] in the above theorem. In the forth- 
coming paper, we will consider this question. 



The paper is organized as follows. In section 2 we prove Proposition 11.11 and 
Theorem 11.21 We also generalize the result to the Fujiki class C. In section 3 we 
prove Theorem ll.3l and give two examples. Finally in section 4 we will use Theorem 
11.21 to prove Theorem 11.41 

Acknowledgments. We would like to thank Prof. J. -P. Demailly, Z. Wang, D. 
Wu and Prof. S.-T. Yau for useful discussions and V. Tosatti for useful suggestions 
and comments. We would also like to thank Prof. C.-H. Gu, Prof. H.-S. Hu and 
Prof. Y.-L. Xin for constant encouragements. Fu is supported in part by NSFC 
grants 11025103 and 11121101. 
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2. Injectivity 



In this section, as a warm-up we first prove Proposition 11.11 which says that the 
map b is injective. 

Proof. We need to prove: if ui and ll)2 are two Kahler metrics on X satisfying 

(2.1) uj"^-^ ^ uj'!^-^ + iddif 

for some real (n — 2, n — 2)-forni ip, then there exists a smooth function f on X 
such that 

U!i — UJ2 + iddf. 

Let us first recah Yau's celebrated theorem on the complex Monge- Ampere equa- 
tion on a compact Kahler manifold. 

Lemma 2.1. ( 24 ) Let X be a compact n- dimensional Kahler manifold with a 
Kahler metric uj. Then for any smooth volume form 77 > satisfying JxV — Jx '-^"' 
there exists a unique Kahler metric Uj = cu + iddu in the Kahler class [uj] such that 
Cj"^ — rj. 

We use Yau's theorem as follows. Let c be the constant: 



c / Wi . 
X Jx 

Without loss of generality, we assume that c > 1. Since the class [a;2] is Kahler, by 
Yau's theorem we can find a representative uj2 — u)2 + iddu of [0^2] such that 

(2.2) Cj^ = ca;^ 

However [wj^^] = [^2^^] — [w"^^] implies that there exists a real (n — 2, n — 2)-form 
(j) such that 

(2.3) Co"^-^ ^ uj'^-^ + idd(j}. 

We will use the following notations (see [13 ). If is a real (n — l,n — l)-form, 
then (8ij) is the matrix composed of the coefficients of Q and (8*-') is its inverse 
matric. We will also denote det 6 — det(9ij). Hence, combining l\2.2\ with p.3p . 
we find 

^l\"-i /detwiX"-! dcto;"""^ 



a 



Vdetw2^ detf-""^ 



.r^ 



det(wi'-i + idd(i>) ' 

Now we follow the proof of Lemma 10 in [13]. We apply the arithmetic-geometric 
mean inequality to obtain 

'Aet{ujl^idd(l))- 
det a; I' 



(2.4) 



which implies 



y detw^'-i / 

lv«-i)^^Yzaa0)_, 

n ^-^ \ / ij 



n 

1,3 



-w5"<<-Hz99(/)Awi. 
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Integrating over X, since wi is Kahler, we get 



X Jx 

This shows that c = 1 and we must have a pointwise equality in (12.41) . This forces 
that iddcj) — 0. Therefore (|2.3|) imphes 0)2 — wi and uji — u!2 + iddu. D 

Remark 2.2. c = 1 can also be derived by Demailly's convexity inequality in [9], 
(see the proof of the next theorem). 

Remark 2.3. When n = 3, equation (|2.ip imphes 

(cji - LJ2) A (wi + a;2) = iddip. 

Since uji +W2 is a Kahler metric, by the hard Lefschetz theorem, wi +u}2 defines an 
isomorphism from H^'j^ {X, R) to H^'j^ {X, R). Hence oji —uj2 is trivial in 77^ jj {X, R). 
For n > 3, we can rewrite the equation (|2.ip as 

n-2 



(wi -W2) A f^cj" '^ '^ A LJ2) = iddip 



fe=0 



Here X]fc=o '^i' '^ ^ Awj is the d-closed strictly positive definite (n — 2, n — 2)-form. 



-2 , 



In general, such a form can not be representative as Wq ~ for some Hermitian metric 
ujQ. Otherwise ojq is also Kahler (see (TS]) and then the hard Lefschetz theorem also 
implies uji — u)2 is trivial. Anyway we don't know whether there exists an algebraic 
proof to Proposition 1. 

We can generalize the above proposition on the Kahler classes to the nef and big 
classes. We need the following important theorem in [6 . 

Lemma 2.4. ( 6 ) Let X be a compact n- dimensional Kahler manifold and let rj 
be a smooth volume form on X . Let [a] be a nef and big class on X. Then there 
exists a unique a-psh function u with supj^ u = such that 

f a" 
({a + idduY'') ^ CT] with c = ^^^ > 0. 

IxV 
Here (•) denotes the non-pluripolar product of positive currents. Moreover, u has 
minimal singularities and is smooth on Amp(Q;), which is a Zariski open set of X 
depending only on the cohomology class of a. 

Let us briefly discuss how the solution is obtained. Indeed, the above degen- 
erate complex Monge- Ampere equation can be solved by approximating by Yau's 
theorem. Fix a Kahler metric lo on X. If we denote q = Jy-{a + tu)"'/ J^ rj with 
< t < 1, then there exists a unique smooth function ut with sup^ ut = such 
that 

{a + toj + iddut)"' = Ctrj. 
First, by basic properties of plurisubharmonic functions, the family of solutions ut 
is compact in i-'^(A')-topology and then there exists a sequence Ut^ such that 

a + ifcoj + iddut^ -^ a + iddu as currents on X. 

Moreover, by the theory developed in [B] and Yau's basic estimates in [53], Ut is 
compact in C{^^(Amp(a)). Therefore there exists a subsequence of ut^, which we 
still denote as Ut^. (and we will not stress this point in the following), such that 

a + tkUJ + iddut^ ^ a + iddu in Cj'^(,(Amp(a)). 
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Hence u is smooth on Anip(a). Since 77 is the smooth volume form, a + iddu is a 
Kiihler metric on Amp(Q;). 

Now we are ready to prove Theorem 1 1.21 i.e., 

Theorem 2.5. Let X he a compact n-dimensional Kdhler manifold. Assum,e [a] 
and [/?] are two nef and big classes. If [a"~^] = [(5"'~^], then [a] = [/3]. 

Proof. Since a and /3 are nef and [a"^^] = [/?"~^], we have 

n-l 



(2.5) / /3"= / ,3 A a 

Jx J X 

Then by the convexity inequahty in [9], we have 

/•■^//•■)*(/,°- 

which impHes J^ /3" > J^ a". Similarly we also have J^ a" > /j^ /3"- Thus we get 

(2.6) /" a" = / /3". 

J X Jx 

fa" 

We fix a Kahler metric lo and a volume form 77 on X. We denote c = ^ — ,Ca.t = 

Jx '' 

^^^^ — — ^ and cr t = "^^^ — ^ with < t < 1. Then Lemma [2T] implies there exist 

two families of smooth functions ut and Vt such that, if we denote at = a+toj+iddut 
and (3t = P + tcj + iddvt, 

at = CadV and /3" = cp^tV- 



Hence 








(2.7) 








with 








(2.8) 




Ct = 


_ c„,i _ /^(a + iw)" 

" C/3,t /jf(/3 + M" 


Then* 


squality (|2.tt|) implies 






(2.9) 






lim Ct = 1. 



By the condition [a" "'^J = [/3" -'^J, there exists a {n — 2,n — 2)-form ip such that 
a"^^ = /3"^^ + 1(990. We rewrite it as 

(2.10) ar'-A""' + et 

for 

n-2 

Gt = iddcj) + Y^ C^,-i{a'' A {tuj + iddutY"^^^ - P^' A (iw + iaawt)"~i-'^). 

fc=0 

Then applying the arithmetic-geometric mean inequality to (|2.7p . we have 



deta^^^ _ (Aei{P'^- ^ + Q t)\T. 

n-l 



1^ _ / det a" \ TT _ / ( 

"vdetsr-v ~ V 



^det/3r"^/ V detfjt 

(2.11) * * 



n 
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We multiply the volume form /3" to both sides of the above inequality to get 

(2.12) cf^/3r</3r + /?tAet. 

We consider the limit of /3t AQt as t goes to zero. By (|2.10p . we have 

AAet = AAar'-/3r- 
Certainly positive measures /3t A a"~ and /3" have uniformly bounded masses: 

{/3 + tij) A {a + tuj)"-^ 



n~l|| 
^t 1 1 mass 

< [ (/3 + cj)A(a + w)"-\ 
Jx 

and 

''(/3 + H"< f {p + uY. 
X Jx 

Hence we can pick a decreasing subsequence i^ — > such that /3t^ A a^~^ and /3" 

weakly converge to /ii and /^2 respectively. Therefore if we denote /io = /^i ^ M2j 

then as currents, 

/3tfc A Ot^ -^ ^0 when tk -^ 0. 

Moreover, it is not hard to see that from (|2.9p and (j2.12p /iq is the positive measure 

on X. Meanwhile, since 



Mo = / Ml - / M2 
Jf JX Jx 



lim / (/3,,A«rr-/3rj 



(/3Aa"-^-;3"), 

implies /-v- Mo = 0. Thus /io is a zero measure. In particular, since S :— 
Amp(Q;) n Amp(/3) is a Borel set, we have 

(2.13) Ptk A Qtk -^ as currents on S. 

On the other hand, by Lemma l2.41 there exists a unique a-psh function mq with 
supjf Mo = and a unique /3-psh function uo with supj^ f o = such that 

{{a + idduo)") = cry and ((/3 + iddvoY^) = c?7, 

and uo is smooth on Amp(Q;) and vq is smooth on Amp(/3). Here c = ? " = ^f 

as we have (|2.6p . If we denote ao = a + idduo and /3o = /3 + iddvo, then as discussed 
before, there exist subsequences at^. of a^ and /3t^ of /3t such that 

at^ -)■ ao in Ci^^(Amp(a)) 

and 

/3,, ^ /3o in q^,(Amp(/3)). 
Thus, 

(2.14) Ot, -^ Oo and A, A 6*, -^ /3o A Oo in Ci'^,(S) 

for some smooth form Gq which is only defined on S. Combining (j2.13p with (j2.14p 
and then using the uniqueness of limit, we obtain 

/3o A 90 = on S. 
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Above equality and (|2.9|) imply that on S, if we take the limits of both side of ()2.1ip 
as t ^ 0, 

^ ^ . detag-\ i^_/ dct(/3g-^+eo) .^ 
Met/3^-1^ ^ det/?^'^i ' 



1 

n 



< i + rE(/5o"'r^(0o).j = i, 



which forces 0o = on S. Hence a^'^ = /3q~^ on S. Since ao and /3o are Kahler 
metrics on H, we have ao = /3o on S. 

We claim ao = /3o on X. Before going on, we need the following two lemmas. 

Lemma 2.6. (|10j) Le^ T be a d-closed {p,p)-current and supp T contained in an 
analytic subset A. If dim A < n — p, then T = 0; ij T is of order zero and A is of 
dimension n ~ p with (n — p)- dimensional irreducible components Ai,- ■ ■ , Ak, then 
T — Y^ Cj[Aj] with Cj Cz C 

Lemma 2.7. ([5 ) Let [a] be a nef and big class, and Tmin a positive current in [a] 
with minimal singularities. Then the Lelong number j/(Tniin,a;) — for any point 
x&X. 

We continue to do our proof. If we let T = ao — /3o, then T is a real d-closed 
(l,l)-current and supp T C X — S. If X — S is of codimension bigger than one, then 
Lemma l2.6l implies T = 0. Hence ag = /3o on X. If X — S has codimension one with 
irreducible components Di,--- ,Dk, then Lemma 12.61 implies ao — Pq — 'Ycj[Dj]. 
Since ao and /3o are real, all Cj can be chosen to be in R. If there exists at least a 
Cj > 0, we write this equality as 

(2.15) ao - ^ c,, [Dy] =Po + J2 ^f' t^^"] 

with Cj' < and Cj" > 0. Fix a j" which we denote as Jq. We take a generic 
point X G Dj", for example, we can take such a point x with h'([Dj"],x) = 1 and 
X ^ X — Dj". Then taking the Lelong number at the point x on both sides of 
([2^5]) . we find 

iy{ao,x) -^Cj,iy{[Dj,],x) = i^(J3q,x) + ^Cj„i^{[Dj',],x). 

Since ao and /3o are positive currents with minimal singularities in nef and big 
classes, Lemma [2.71 tells us that i/(ao,a;) ~ and i/(/3o,a;) = 0. The property of x 
also implies h'{[Djr],x) = and i'{[Djrr],x) ~ for all j' and all j" ^ jg. All these 
force Cj" = 0, which contradicts to our assumption Cj" > 0. Thus we have 

As the same reason, we can also prove Cj' = 0. Hence ao = /3o on X. Therefore, 
we have [a] — [/3] on X. D 

The above result is also true if X is merely in the Fujiki class C. The definition 
of the nef class on a compact complex manifold can be consulted to paper [11] . 

Corollary 2.8. Let X be a compact complex n-dimensional manifold in the Fujiki 
class C. Assume that [a] and [/?] are two nef and big classes. If [a""^^] — [/S"^^], 
then \a\ — \B]. 
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Proof. Since X is in the Fujiki class C, there exists a proper modification fj, : X ^i- X 
with X a compact Kahler manifold. By assmnptions on a and (3, [/i*a] and [/i*/3] 
are also nef and big classes on X satisfying 

Then by the above theorem, we have 

if,* a] = [fi*(3], 
which, as fi is birational, implies [a] — [/3]. D 

Note on a Moishezon manifold, M. Paun ( 20 ) proved that for a holomorphic 
line bundle L, ci{L) is nef if and only if L • C > for every irreducible curve C. 
Thus our result yields the following 

Corollary 2.9. Let X be a compact n-dimensional Moishezon manifold. Let L be 
a big line bundle over X and L ■ C > for every irreducible curve C on X . Then 
ci(i)"^^ determines ci(L). 

3. The image of the boundary of the Kahler cone 

Sometimes it is convenient to consider the Aeppli cohomology groups VP'"^ (X, C) . 
Since we are interested in the real case, we give the following 

Definition 3.1. // we denote A^^{X) the space of the smooth W-valued {p,p)- 
forms, then 

vp^p(x m ^ WeAl:^ix)\ddcb^o} 

^ ' ' {dAP-^'P{X) + dAP'P-^{X)}nA^P{X)' 

We denote the space of (p, q)-currents by D'P''^{X). Then it is well known that 
we can also replace AP''^ by D'P'"^ in the above definition. We denote an element of 
the above cohomology groups by [■]a. 

We need the following lemma due to Bigolin. 

Lemma 3.2. ([?]) Let X be a compact complex n-dimensional manifold. The dual 
space of the {p,p)-th Aeppli group is just the {n —p,n — p)-th Bott-Chern group, 
i.e., 

In particular, VP'P{X,'R) is a finite dimensional vector space. Furthermore, if 
X satisfies the 9(9-lemma, then dimT/^P'P(X, R) = HP'P , where hP^'' is the Hodge 
number. The following lemma is inspired by the method in |19) and is an easy 
consequence of the Hahn-Banach theorem. 

Lemma 3.3. Let X be a compact complex n-dimensional manifold. Suppose that 
ilo is a real d-closed (n — l,n — l)-form satisfying that, for any positive dd-closed 
(1, l)-current T , J^Uq AT > and J^Uq AT ~ if and only ifT — 0. Then [flo] 
is a balanced class. 

Proof. Fix a Hermitian metric uj on X. We define the following two subsets of 

-Di = {T 6 D'^'\X)\ddT = 0, / r!o A T = 0}, 

Jx 

Da = {T eD'^-\X)\T>0, f uj''-^ AT=1}. 

Jx 
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Then 13 1 is a closed subspace and D2 is a compact convex subset under the weak 
topology of currents. Since fio is d-closed, Di contains the subset {dS + dS\S £ 
I3'^'°(X, C)}. It is clear that Di n D2 is empty. By the Hahn-Banach theorem, 
there exists a smooth real (n — 1, n — l)-form Vt such that iljuj = and O.\o2 > 0. 
n\D, = and L»i D{dS + dS\S G D'^^°iX,C)} imply dfl = 0, and r^lo^ > implies 
fl is strictly positive. Hence il is a balanced metric. 

On the other hand, Lemma 13.21 savs that [ilg] and [fl] are linear functionals on 
V^'^{X,M.). We have a natural projective map 

tt: {T £ D'^-\X)\ddT ^ 0} ^ V^'\X,R) 

with 7r(T) — [T]a- Then the definition of Di implies tt{Di) = ker[57o] and 51|di = 
implies Tr{Di) C ker[J7]. Thus we have 

ker[rJo] C kerP C V^'^{X,R). 

If ker[i7] is a proper subspace, since V^'^{X, R) is a finite dimensional vector space, 
we must have ker[J7o] = ker[ri]. Hence there exists a positive constant c such that 
[fto] — c[ii\ and this implies [f^o] is balanced. If ker[r2] is the whole Aeppli group, 
then [r2]=0. Since X is compact, there exists an e > small enough such that 
fi + efig > 0, i.e., [J7] + e[^o] = £[^0] is balanced. This finishes our proof of Lemma 

m □ 

The above lemma implies the following two interesting propositions. Let Qq be a 
semi-positive (n— l,n — l)-formon X and strictly positive on X — V^ for a subvariety 
V of X. If codim y > 1, we first recall Theorem 1.1 in [1]. 

Lemma 3.4. [Ij Let X be a complex n-dimensional manifold. Assume T is a 
dd-closed positive {p,p)-current on X such that the Hausdorff 2{n — p) -measure of 
supp T vanishes. Then T = 0. 

Proposition 3.5. Suppose X is a compact complex n-dimensional manifold. IfQa 
is a d-closed semi-positive {n — l,n — l)-form on X and is strictly positive outside 
a subvariety V with codim V > 1, then [Qq] is a balanced class. 

Proof. Fix a 99-closed positive (1, l)-current T. Then J^o > implies J^ floAT > 0. 
And ilo > on X — y implies that J^ i^o AT = Q ii and only if supp T C V. Hence 
according to the above lemma, since T is 9(9-closed and codim V > 1, we have 
T = 0. Thus r^o satisfies the conditions of Lemma 13.31 and therefore is in the 
balanced class. D 

If codim V — I, then fto is balanced implies Jy flo > 0. We want to prove this 
is also a sufficient condition when fig is semi-positive on X and is strictly positive 
on X — V^. We need Theorem 1.5 in [I]. 

Lemma 3.6. ([T]) Let X be a complex n-dimensional manifold and E a compact 
analytic subset. Let Ei, ■ ■ ■ ,Ek be the irreducible p-dimensional components of E. 
Assume T is a positive dd-closed (n ~ p,n — p)- current such that supp T C E. 
Then there exist constants Cj > such that T — ^j^ Cj[Ej] is a positive dd-closed 
{n — p,n — p)- current on X, supported on the union of the irreducible components 
of E of dimension bigger than p. 

Then we have 
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Proposition 3.7. Let X be a compact complex n-dim,ensional m,anifold. // f2o *s 
a d-closed semipositive in — l,n ~ l)-form on X such that it is strictly positive 
outside a codim,ension one subvariety V with irreducible components Ei,--- ,Ek 
and [flo] ■ [Ej] > for j' = 1, • • • , fc, then [J7o] is a balanced class. 

Proof. Since fto is a semi-positive form on X, for any (99-closed positive (1,1)- 
current T on X , J^ fla /\ T > 0, and J^fla AT = implies supp T cV. We need 
to prove T = 0. By the above lemma, there exist constants Cj > such that 

A; 

Hence [Tto] ■ T = implies that if [f^o] • [Ej] > 0, the constants Cj must be zero. 
This implies T = 0. Thus by Lemma [3.31 [^o] is the balanced class. D 

Now we apply Proposition 13.51 and Proposition 13.71 to a nef and big class on a 
projective Calabi-Yau manifold. We need the following lemma given by Tosatti. 

Lemma 3.8. ([22 ) Let X be a projective Calabi-Yau n-dimensional manifold and 
let [a] G OJCns ^6 ^^ ^*5 class. Then there exists a smooth form ag ^ [o] which is 
nonnegative and strictly positive outside a proper subvariety of X . 

The proper subvariety in the above lemma is the exceptional set of the contrac- 
tion map F^a] induced by [a] , 



-Fr^i : X 



nN 



FL^l^F 



and uq G [a] is the puUback of the Fubini-Study metric, i.e., ag = -^^ — , where 
k is the positive integer depending on [a]. For more details, please see [2^ . 

Now we can prove Theorem 1 1.31 

Proof. By Lemma [3.8[ there exists a semipositive (1, l)-form ao £ [a] such that 
ao is strictly positive outside a subvariety V. If V is of codimension bigger than 
one, then Proposition 13.51 implies [a"^^] = [ap^^] is a balanced metric. If V is of 
codimension one with irreducible components Ei,- ■ ■ ,Ek such that [a"~^] ■ [Ej] > 
for all 1 < J < A;, then Proposition 13.71 implies [a"^^] G B. On the other hand, the 
converse is obvious. 

Next, let's prove [a"~^] G B implies [a] is a big class. Otherwise, we would 
have J^ a" = 0. Since [a] is nef, by Demailly-Paun's theorem in [TTl there exists a 
positive current T G [a]. Hence 

^«-i ^ J. ^ , ^n = 0. 



IX JX 

„n-ll 



Then [a'^-^] G B implies T = 0. Thus [a] = [T] = 0. It's a contradiction. D 

We shall give some examples which holomorphic maps contract high codimen- 
sional subvarieties to points, so we can apply Theorem 11.31 The fist one is known 
as conifold in the physics literature [16] (see also [21] ) . We learn this from [22] . Let 
Xq be a nodal quintic in P^ which has 16 nodal points. Then a smooth Calabi-Yau 
manifold X is given by a small resolution f : X ^>- Xq, that is a birational mor- 
phism such that it is an isomorphism outside the preimages of the nodes, which are 
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16 rational curves. Thus we get a contracting map from X to P^. It is easy to see 
that the puUback ol the Fubini-Study metric is our desired form. 

There are also another examples from algebraic geometry (see [S], page 24-26). 
Let r and s be positive integers, let E be the vector bundle on P" associated with the 
locally free sheaf Ops ©Ops(l)''+^, and let Yr,s be the smooth (r+s + l)-diniensional 
variety P{E*). The projection tt : l^_s -^ P" has a section P^.s corresponding to 
the trivial quotient of E. The linear system |Oy^^(l)| is base point free. Hence it 
induces a holomorphic map: 



Lt.; 



])(r+l)(s+l) 



Moreover, Cr^s contracts Pr.s to a point and is an immersion on its complement. 
And its image is the cone over the Segre embedding of P"" x P". 

Thus, the pull-back of the Fubini-Study metric of P(''+i) (''+!) is a smooth (1, 1)- 
form a = C* ^LOps- Clearly a is pointwise nonnegative on the whole Y^.s and is 
strictly positive outside Pr^s with codimension r + 1. Thus [a^+*] is a balanced 
class on P{E*). Furthermore, Jp a" = implies a € dlC{Yr^s)- 

Indeed, there are a lot of such examples in Minimal Model Program when we 
encounter contraction maps of flipping type ([17]). 

The following comment is given by V. Tosatti. (Compare with the proof of 
Proposition 4.1 in [22 .) If we want more examples of birational contraction mor- 
phisms like in Lemma 13.81 we can take more generally X any smooth projective 
variety with —Kx ncf. For example this includes Calabi-Yau but also Fano man- 
ifolds. Under this assumption, if L is any line bundle on X which is nef and big, 
then Kawamata's base-point-free theorem again gives us that L is semi-ample and 
so there is a birational contraction F^ exactly as in Lemma 13.81 It also works for 
M-linear combinations of line bundles (i.e. big classes on the boundary of ICns), 
because again the big points on the boundary of ICns are locally rational polyhedral 
(if X is Fano, then the whole boundary of ICns is rational polyhedral). 

Thus if Yr^s in above example has nef anticanonical bundle, we can still apply 
Theorem O 

4. Characterization theorem on a nef class being Kahler 

Using a similar method as in section 1, we can characterize when a nef class [a] 
is Kahler if [a"^^] is a balanced class. 

Theorem 4.1. Let X be a compact n- dimensional Kahler manifold and rj a smooth 
volume form of X . Assume that [a] is a nef class such that [a"~^] is a balanced 
class. {So [a] is big.) If there exists a balanced metric ui in [a""^^] (i.e., ui""^^ G 

[q;"^"'^]J such that cq > Ca with cq = minx ^^ dnd c^ — ^ — , then [a] is a Kahler 
class. 

Proof. Since ui'^^^ e [a"^^], there exists a smooth (n — 2,n — 2)-form (j> such that 

w"-! = a"-i + iddch > 0. 



Fix a Kahler metric ut on X. Then for < i << 1, 

(a + toj)"-^ + iddcj) ^ w"-i + 0{t) > 0. 
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Thus there exists a balanced metric ujt such that 
(4.1) Wj"-i = (a + iw)"-i + idd(l) 

and Wo = w. Clearly wj ^ w in C°°(Ai'i(X)) as t -^ 0. Then if we let F,^, := ^, 
we have 

inC°°(X) as t ^0. 

On the other hand, since [a + iw] is the Kahler class, by Lemma [2T] there exists 
a family of smooth functions ut such that a + tuj + iddut is Kiihlcr and 



{a + tuj + iddut)" = Ctrj 
0" ^,r 



with ct — j' — ^^. Moreover, by Lemma \ZM there also exists an a-psh function 



uq such that 

((a + i99Mo)") = CaTj. 
Such Ut and uq satisfy the following relations 

- iddut — > a + idduQ as currents on X 

iddut -^ a^ idduQ in C^^{Amp{a)) . 

iddut and a^ = a + idduo- Then from (I4.ip . we have 

Cbl'-^ = a'^-^ + idd(t)t 

for some smooth in — 2, n — 2)-form (pt on X. 
From above notations, we have 

Ct a?' 
We apply the arithmetic-geometric mean inequality to obtain 

'Fa,,\^ _(dei{a'i-^+idd4>ty 





a + tuj 


and 




(4.2) 


a + tuj 


We denote at - 


= a + tuj 


(4.3) 





i.^r<- 



Ct y \ deta" ^ 



n 

k.l 



or equivalently, we have 

(^)~ar <a'^ + atAic 

We deal with the second term in above equality 

at A idd(j)t = a* A cj"""^ - a". 

As discussed in the proof of Theorem 12.51 there exists a convergent subsequence 
at^ A iJJt~^ of measures at A a)"~^ and a convergent sequence a"^ of measures a". 
If we denote their limits by /ii and /i2, and denote fJ.a = fJ-i — fJ-2, then we have 

at J. A idd(j)tk ^ A*o as currents. 

After integrating Q for ij, with respect to any positive smooth function, and letting 
tk go to zero, we find that the condition cj) > cq implies /ig is the positive current. 
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Meanwhile, since 

/io = lim at A w""^ - a" 

a hyuj —a j, 

X 

and since a is nef and tl)"^^ e [a"^^], we have j^ /ip = 0. Thus /^o = and F^:, = Cq. 
pointwise. 

We define on Amp (a) a smooth (1, l)-forni 

^0 = Vmvidd(t)t. 
Then from (|i3)) . (|T^ and (|ITT|) . wc have 

Hence by the uniqueness of hmit, we have on Amp(a) 

ao A *o = 0. 
Since Fq, = Ca, this imphes that on Amp (a) 

Thus \l/o = 0. Therefore w''^^ = ap"^ or (D = ao on Amp(Q;). 

Since uj is smooth on X and do) = da^ = on Amp(a), by continuity, dcj = on 
X, i.e., (D is a Kahler metric on X. However, since [w"^^] = [a"^^], by Theorem 2, 
\uj\ = \a\. Thus \a\ is a Kahler calss. D 



Now we are arriving at the proof of Theorem 11.41 

Proof. We assume that there exists a solution ilcY G [a"~^] to equation (|l.ip for 
c < (/^ a^)~^. We write ficF = w"~^ and then compute 

^0 IK HE IICIIoc. c-/^<- 

Hence we can use the above theorem. Thus [a] is a Kahler class. Now the proof 
follows from Theorem 11.31 in 1131 . D 
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